We prove that the generator of any uniformly bounded set-valued Nemytskij operator acting between generalized Hölder function metric spaces, with nonempty compact and convex values is an affine function with respect to the function variable.
Introduction
Let X, Y, Z be nonempty sets and h : X × Y → Z be an arbitrary function. By Y X denote the set of all functions ϕ : X → Y. The mapping H : Y X → Z X defined by H(ϕ)(x) := h(x, ϕ(x)), (x ∈ X), ϕ ∈ Y X , is called a composition (Nemytskij or superposition) operator, and h is referred to as a generator of H.
In [6] it was shown that if H, mapping the Banach space Lip([0, 1], R) into itself, satisfies Lipschitz condition with respect to the Lip-norm, then h(x, y) = a(x)y + b(x), x ∈ [0, 1], y ∈ R, for some a, b ∈ Lip([0, 1], R), which means that h is affine with respect to the second variable. It follows that the Banach contraction principle is not applicable in solving some important nonlinear problems. Analogous results have been proved for some other function Banach spaces ( [3, 13, 7] , cf. also [1] for other references). Some of these results have been extended for multivalued mappings (cf. for instance [5, 15, 16] ). In all these results the norm-Lipschitz continuity of the Nemytskij operator H is the basic assumption.
In this situation a natural question has appeared, if the Lipschitz continuity can be replaced by a weaker condition. In [9] it was observed that the above results remain true if the Lipchitz-norm-continuity of H is replaced by its uniform continuity (cf. also [2, 4, 10, 11] ). The suitable results for the class of Hölder set-valued functions were obtained by Ludew [5] .
An essential progress in weakening of the basic assumption was made in a recent paper [12] . It turns out that the uniform continuity of H can be replaced by a much weaker condition of its uniform boundedness (cf. Definition 2), that is even weaker than the boundedness of H.
In the present paper we extend the main result of [12] to the class of set-valued functions.
To present briefly the main result, assume that (X, ρ 1 ), (X, ρ 2 ) are metric spaces, (Y, | · | Y ), (Z, | · | Z ) are real normed spaces, C ⊂ Y is a convex cone and a function h : X × C → cc(Z), where cc(Z) denotes the set of all nonempty convex and compact subsets of Z, is continuous with respect to the second variable. Suppose that the Nemytskij operator H generated by h maps Lip((X, ρ 1 ), C) into Lip((X, ρ 2 ), cc(Z)). Under these assumptions we prove that if H is uniformly bounded, then h is affine with respect to the second variable, and we give a more detailed representation of the operator H (Theorem 3).
Taking X := [0, 1], ρ 1 (x, y) = |x − y| α , ρ 2 (x, y) = |x − y| β for some fixed α, β ∈ (0, 1], we obtain the result of Ludew [5] .
Preliminaries
Given a real normed space (Z, |·| Z ), denote by cc(Z) the class of all nonempty, compact and convex subsets of Z. For A, B ⊂ Z and α ∈ R, define A + B := {a + b : a ∈ A, b ∈ B} and αA := {αa : a ∈ A}. It is well known that the cc(Z) with the addition is a commutative semigroup which satisfies the cancellation law. The Hausdorf metric has the following properties, for all λ ≥ 0 and A, B, C, D ∈ cc(Z),
be real normed spaces and C ⊂ Y a convex cone. A set-valued function F : C → cc(Z) is said to be additive, if
and Jensen if
Let us quote the following 
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we denote the family of all set-valued functions a : C → cc(Z) which are additive and continuous (so positively homogeneous) that is,
C : a is additive and continuous}.
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is a normed space. For a set C ⊂ Y we put
In the proof of the main result the following result plays a crucial role.
Lemma 2 [12, Lemma 1] . Let (X, ρ) be a metric space, (Y, | · | Y ) be a real normed space, C ⊂ Y a convex set, and let x, x ∈ X, x = x, be fixed. Then, for arbitrary y, y ∈ Y, the function ϕ y,y : X → Y defined by
has the following properties:
is a linear subspace of Lip((X, ρ), Y ) containing all constant functions.
In the sequel by Lip((X, ρ), cc(Z)) we denote the set of all set-valued functions ϕ : X → cc(Z) such that
In the set Lip((X, ρ), cc(Z)) we introduce a metric d Lip(X,cc(Z)) putting
, where x 0 ∈ X is arbitrarily fixed. By K(x, x; C) denote the set of all functions ϕ ∈ K(x, x) with values in C, that is K(x, x; C) := K(x, x) ∩ Lip((X, ρ), C).
is called the composition (Nemytskij or superposition) operator of a generator h.
be real normed spaces, C ⊂ Y a convex cone and a function h(x, ·) : C → Z be continuous with respect to its second variable for all x ∈ X. Suppose that for all x, x ∈ X, x = x, the composition operator H of the generator h maps the set K(x, x; C) into the space Lip((X, ρ 2 ), cc(Z)).
If for all x, x ∈ X, x = x and ϕ, ψ ∈ K(x, x; C) the operator H satisfies the inequality
for some function γ : [0, ∞) → [0, ∞), then there exist a : X × C → cc(Z) and b : X → cc(Z) such that a(·, y), b ∈ Lip((X, ρ 2 ), cc(Z)) for every y ∈ C, a(x, ·) ∈ L(C, cc(Z)) for every x ∈ X, and
Moreover, the function X ∋ x → a(x, ·) ∈ L(C, cc(Z)) fulfils the following condition
P roof. According to Lemma 2, for arbitrary y ∈ C, the constant function ϕ(t) = y, t ∈ X, belongs to K(x, x; C). Since H maps K(x, x; C) into Lip((X, ρ 2 ), cc(Z)), the function
and, consequently, h is continuous with respect to its first variable. Let us fix x, x ∈ X, take arbitrary y 1 , y 2 , y 1 , y 2 ∈ C and define the functions ϕ y 1 ,y 1 , ϕ y 2 ,y 2 by (6). In view of Lemma 2, the functions ϕ y 1 ,y 1 , ϕ y 2 ,y 2 belong to K(x, x; C) and, by Remark 1, with x 0 = x in (5), we have
Applying inequality (7) with ϕ = ϕ y 1 ,y 1 , ψ = ϕ y 2 ,y 2 , by the definition of the metric d Lip((X,ρ 2 ),cc(Z)) , we get
and, as
for all x, x ∈ X; y 1 , y 2 , y 1 , y 2 ∈ C. Taking arbitrary u, v ∈ C and setting y 1 = y 2 := u+v 2 , y 1 =: u, y 2 := v in (10), we get
for all x, x ∈ X, x = x, u, v ∈ C.
Letting here x tends to x and taking into account the continuity of h with respect to its first variable we get
which shows that for every x ∈ X the function h(x, ·) satisfies the equation
that is, for any x ∈ X, h(x, ·) is Jensen in C. By Lemma 1 there exist functions a : X × C → cc(Z) and b : X → cc(Z) such that a(x, ·) is additive for x ∈ X and
To show that a(x, ·) is continuous for any x ∈ X, let us fix y, y ∈ C. By (1) and (12) we have
Therefore, the continuity of h(x, ·) with respect to the second variable implies the continuity of a(x, ·) and, consequently, being additive,
To prove that b ∈ Lip((X, ρ 2 ), cc(Z)) let us note that the additivity of a(x, ·) implies a(x, 0) = {0}. Hence, applying (12), we get
and by (9), we have h(·, y) ∈ Lip((X, ρ 2 ), cc(Z)) for all y ∈ C. Equality (13) implies that b ∈ Lip((X, ρ 2 ), cc(Z)).
To prove that a(·, y) ∈ Lip((X, ρ 2 ), cc(Z)) for all y ∈ C, let us fix arbitrarily x, x ∈ X, x = x, y ∈ C and take a constant function ϕ(t) = y, (t ∈ X), belonging, by Lemma 2, to K(x, x; C). Taking into account (1), (2) and (12) we have
Since H maps K(x, x; C) into Lip((X, ρ 2 ), cc(Z)), the function H(ϕ) belongs to Lip((X, ρ 2 ), cc(Z)). Moreover, according to what has already been proved, b ∈ Lip((X, ρ 2 ), cc(Z)). Now the above inequality implies that a(·, y) ∈ Lip((X, ρ 2 ), cc(Z)).
To show that the function X ∋ x → a(x, ·) ∈ L(C, cc(Z)) fulfils (8) take x, x ∈ X, y 1 , y 2 , y 1 , y 2 ∈ C and define ϕ y 1 ,y1 ϕ y 2 ,y2 ∈ K(x, x; C) by (6) . By a similar reasoning as in the first part of the proof, applying (7) with ϕ = ϕ y 1 ,y 1 , ψ = ϕ y 2 ,y 2 , (10) and (11), we get
and, consequently, by (1) and (12),
for all x, x ∈ X; y 1 , y 2 , y 1 , y 2 ∈ C.
Taking arbitrary y, y ∈ C and setting y 1 = y 2 := y + y ∈ C, y 2 := y,
and, by the additivity of a(x, ·),
for all x, x ∈ X and y ∈ C. Take arbitrary u ∈ C and put y := u |u| Y ∈ C. Using (14) we obtain
By the linearity of a(x, ·) for all x ∈ X and (3) we get,
which, in view of (4), completes the proof of (8). P roof. By the definition of the metric d Lip((X,ρ 2 ),cc(Z)) and (7) we have
for all x ∈ X, ϕ, ψ ∈ K(x 0 , x; C).
Fix arbitrarily x ∈ X, y, y ∈ C and take a pair of constant functions ϕ, ϕ : X → C defined by ϕ(t) := y, ϕ(t) := y, t ∈ X.
By Lemma 2(d), these functions belong to K(x 0 , x; C) and
Hence, by (15), we get
It follows that
By (2) we have
Hence, taking into account (16) and (17), we get
which, by the continuity of γ at 0 and the equality γ(0) = 0, implies that h is continuous with respect to its second variable.
From Theorem 1 we obtain the following for some b ∈ Lip((X, ρ 2 ), cc(Z)) and a : X × C → cc(Z) such that a(·, y) ∈ Lip((X, ρ 2 ), cc(Z)) for every y ∈ C, a(x, ·) ∈ L(C, cc(Z)) for every x ∈ X and the function X ∋ x → a(x, ·) ∈ L(C, cc(Z)) fulfils the Lipschitz condition with the constant γ(1) i.e.,
d L(C,cc(Z)) (a(x, ·), a(x, ·)) ≤ γ(1)ρ 2 (x, x), x, x ∈ X.
Let us note the following 
